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The appearance of ferroelectricity in conjunction with a paramagnetic-to-antiferromagnetic transition
in centrosymmetric crystals is considered. Ferroelectricity is forbidden in centrosymmetric crystals. As
a result of a magnetic transition such crystals may lose their center of symmetry. Hence, ferroelectricity,
which is forbidden in the paramagnetic phase, may appear in the magnetically ordered one. To illustrate
this effect from a symmetry point of view, an antiferromagnetic transition in a structure belonging to the
space group Pmma is discussed in detail. An estimation of the ferroelectric moment in a model crystal with
some ‘‘reasonably real” properties yields a moment of 1078 C/cm?. It is also shown that a discontinuity in
the dielectric constant may occur at the transition point, due to the ferroelectric moment. This discon-

tinuous change is expected to be Ae/e~107%,

I. INTRODUCTION

The reduction of symmetry which accompanies
a magnetic transition results in the appearance of
effects which vanish in the paramagnetic phase. Such
effects may be classified, according to Birss,! as “per-
missible” and ‘“forbidden”. Permissible effects are de-
scribed by tensors which are invariant under time re-
versal while forbidden effects are described by tensors
which change sign under this operation. Piezoelectricity,
ferroelectricity, and magnetic susceptibility are exam-
ples of the first kind; Faraday effect, piezomagnetism,
and magnetoelectricity are examples of the second kind.
In the present paper we consider effects of the first
(permissible) type. In particular, we are interested in
centrosymmetric crystals which lose the inversion dur-
ing a magnetic transition while retaining the time
reversal in the point symmetry. In such cases the
appearance of ferroelectricity and piezoelectricity may
be expected.? Some compounds which exhibit magnetic
transition of this kind are listed in Table I.3-5 These
compounds have the point symmetry mmml’ in the
paramagnetic phase. They undergo an antiferromag-
netic transition which doubles the unit cell leading to
a noncentrosymmetric point group. It is, therefore,
expected that ferroelectricity and piezoelectricity will
be induced by the magnetic transition in these com-
pounds.

II. SYMMETRY CONSIDERATIONS

In order to gain some insight into transitions of the
type discussed above from a microscopic point of view,
we consider a centrosymmetric crystal having the space
symmetry Pmma(Dyb). Unlike the experimental ex-
amples (Table I), which have four or more magnetic
ions per unit cell, the crystal considered subsequently
will have only two magnetic ions at the sites (2a) ©:

(1) 000,  (2) %00.

There are two main reasons for which we choose to
consider this structure: (a) It is simple from the sym-
metry point of view. (b) The ferroelectric moment
induced by a magnetic transition is easy to estimate.

As in the experimental examples mentioned above
we consider an antiferromagnetic transition which dou-
bles the unit cell, say in the x direction, [k=(}, 0, 0)].
The resulting magnetic cell consists of two chemical
cells. The equilibrium spin structure in the magnetically
ordered phase resulting from a second-order phase tran-
sition belongs to a basis of an irreducible representation
of the paramagnetic group.” There are two bidimen-
sional irreducible representations of this group associ-
ated with k= (3, 0, 0) .2 These representations are listed
in Table II. Upon reducing the transformation mat-
rices of the group which operate in the product space
of atomic coordinates and spins, we find that T'® ap-
pears once and I'® twice in the transformation matrices.
Let us define two vectors:

F= Sl+Sz,
A=Sl—Sz, (1)

where S, is the spin of the ion in the ith position. The
subscripts 1, 2 correspond to sites (2a) of the chemical
cell. Invariant subspaces of the product space of atomic
coordinates and spins are listed in Table III, in terms
of the components of F and A. The actual spin struc-
ture resulting from the magnetic transition belongs to
the representation which minimizes the Hamiltonian.
The Hamiltonian of order two in the spin coordinates
has the following form:

H=a(A+F?)+b(F 4+ A47)
+C(Aze+FzAz)+d(Au2+sz): (2)

and it is invariant under the paramagnetic group of
the crystal. The parameters a, b, ¢, d determine the
energy associated with each subspace.
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Tasre I. Compounds reported to have lost a center of symmetry in the transition from paramagnetic to magnetically ordered state.

Point Point
Ordering Crystal Propagation Magnetic symmetry symmetry Possible
temperature space vector space in paramag-  in magnetic  direction of
Compound (°K) group k group netic state state ferro-electricity Reference
BiMn,05 46 Pbam-Ds® (3,0,3% Pgb2ym mmm1’ m2m1’ [o, 1,0] 3,4
TbCrOs 3.05 Pbnm-Dyyt 0,%,0) Pop2y/'nm’ mmm1’ 2mm1’ [1,0,0] 5

# Ordering temperature of the Tb3* jons.

In order to find the structures which minimize this
Hamiltonian, certain assumptions should be made con-
cerning the coefficients @, b, ¢, d. Landau’s theory®
stipulates that the transition occurs according to a
single representation, and we shall assume this repre-
sentation to be I'®. This means that one of the coeffi-
cients ¢(T, P) or b(T, P) changes its sign from posi-
tive to negative when T decreases through 7, while
the other coefficients remain positive in the neighbor-
hood of T.. Let us find the equilibrium structures of
this Hamiltonian subject to the following constraint:

Si+82=}(AHFY) =,

where S? is a nonzero constant. This constraint is added
to the formulation in order to avoid the trivial solution
S;=0.

The following solution is obtained using the method
of Lagrange multipliers:

Fx=—2mA,, Az=—2gﬂFz,
c c
4,=F,=0, 3)
where A satisfies the quadratic equation
4N+ 4 (a+b) A\ 4ab—2=0. (4)

This solution contains one degree of freedom: Linear
combinations of 4, and F, are all degenerate solutions.
The mixture of 4, and F;, however, results in magnetic
structures with magnetic moments of different magni-
tude at sites (2¢). The degeneracy is removed by add-
ing terms of higher order to the Hamiltonian, such as

e(F,2— A4,%)* Equations (3) show that the components
appear in pairs (F,, 4.) and (F,, 4,). These pairs
(““pure states”) by contrast, do not result in magnetic
moments of different magnitude at sites (2a). This is
not true in general. In Appendix A we discuss an exam-
ple of antiferromagnetic transition in a crystal having
the symmetry Pnma in which even a transition into
pure state leads to magnetic moments of different mag-
nitudes. In that case, sites which were equivalent be-
fore the transition become nonequivalent subsequently.
It is then expected that nuclei at these sites will “see”
different magnetic fields. In this case, splitting may
appear in the NMR lines, indicating that sites are
indeed nonequivalent. It is worth while to note here
that some interesting phenomena, such as resonant
absorption due to spin flip induced in nuclei inside
domain walls by electrical fields, may occur below the
transition in the crystal considered above. This is dis-
cussed in detail in Appendix B.

Let us assume that in our example the spin structure
resulting from the magnetic transition is a mixture of
A, and F,. The magnetic group corresponding to this
structure is Pym'm’2 and it allows ferroelectricity in
the z direction. The structures 4,, F, and the corre-
sponding symmetry elements are shown in Fig. 1.

By examining the allowed displacements of the ions
during the transition, it can be shown that the allowed
direction of ferroelectricity is [001] in accordance with
the symmetry group Pe.m'm’2. The atoms which occu-
pied the sites (2¢) of the group Pmma in the para-
magnetic state will be found at the site (2¢) of the
group Pmm2 in the magnetically ordered state. (See

TasrE II. Irreducible representations of Pmima, k= (3,0, 0).»
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®# mz and my are mirror planes perpendicular to the x and ¥ axes, respectively; a, is a mirror plane perpendicular to z axis followed by a translation

(4,0, 0); 21 is a twofold screw axis.
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footnote of Table IV). The sites (2a) coincide in the
paramagnetic state with the sites (2¢) with (x, 2) =
(3, 0). In the ordered state the parameters may have
values of the form

x= %o+ 0x, 2=2,+02, (5)

where 6, 6z are small displacements. The sum of dis-
placements of the ions in a unit cell is 0, 0 and 26z in
the x, y and z directions, respectively; hence ferro-
electricity is allowed only in the z direction.

III. ESTIMATION OF ELECTRIC MOMENT
INDUCED BY MAGNETIC TRANSITION

We shall estimate the displacements of the magnetic
ions due to the magnetic interaction in the example of
the preceding section, namely, the transition Pmma—
Pyym'm’2. A Hamiltonian of second order in the space
and spin coordinates is constructed in such a way as
to produce a ferroelectric moment in the z direction
and to be minimized by the 4, structure (Fig. 1). This
is done under the following assumptions which are
compatible with the symmetry required by Pmma with
magnetic ions at (2a).

1. The interaction between neighbors in y and z di-
rections is of the ferromagnetic type. It is therefore
sufficient to specify the Hamiltonian for a chain of ions
in the « direction.

2. In the x direction there is an interaction of the
antiferromagnetic type between second nearest neigh-
bors (J»<<0) and of ferromagnetic type between nearest
neighbors (J1>0). The ferromagnetic interaction de-
pends linearly on the displacements of ions from their
equilibrium position: Ji(1+a(%1—%;)). Here o is a
constant and «; is the displacement of the ith ion from
its equilibrium position.

3. The antiferromagnetic interaction is dominant,
i.e., IJz l > lJl |

4. The elastic energy related to the displacement of
atom ¢ is

3B8(2i—2:) "+ 3y (wi—2:) 243892, (6a)
while for atom 741 this energy is
38(xi1—2041) 4+ 3v (Fopat201) - 36y:41%  (6D)

In these expressions r;= (x;, ¥;, 2;) is the displacement
of the ith ion from its equilibrium position. These ex-

Tasre III. Basis vectors of the irreducible representations of
Pmma, k= (3, 0, 0), in the spin space of (2a).

Representations

Component r® r®
/21 —4, F, A,

‘PZ F v Az F 2
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TABLEIV. Sites (2a) and (2¢) in Pmma and Pmm2, respectively.

Space group Pmma Pmm?2
Site (2a) (2e)
Coordinates 0,0,0 x—%10,2
%: 0; 0 %"xy O, z

® The origin of Pmm2 as appeared in the International Tables is shifted
by (%, 0, 0) in order to bring it into coincidence with the origin of Pmma.

pressions are related by a twofold axis in the z direction
which interchanges the atoms.

5. An anisotropy term of the form
—KS.2 where K> 0, is present.

6. The magnetic moments lie in the yz plane, which
means that the magnetic moment of the ith atom has
one degree of freedom: the angle y; with respect to
the z axis.

With these assumptions, the second-order classical
Hamiltonian with respect to spin and space coordi-
nates will be of the following form:

H=-53% ([ 14a(®pp1—2x4) ] cos(Yns1—¥n)
+J2 cos(Ynia—¢n) } —KS? 3 cosfy,
+ E { [%ﬂ (x2n+ z2n) 2+ %’Y (x2n—' ZZn) 2+ %63’2”2]

+ [38(%2n41— Zom41) =+ 3¥ (X2n 41+ Z2n41) 24 30y2n12]} -
(7

The structure which minimizes this Hamiltonian is
determined in Appendix C. It is found that this struc-
ture is 4,, where

&= Xon= — Xpnp1= — 505%1(1/8+ 1/’Y);

Zn=(B—v)/(B+7) | % |, Yn=0, (8)
and the corresponding energy per atom is
E=—20xJ15+J28?— KS*+[28vy/ (B+7v) Jx%.  (9)

Enz" considered a simplified Hamiltonian of this type
and determined its minimum under the following as-
sumptions: the ions are fixed in space, and the Hamil-
tonian is therefore independent of r;; furthermore, the
anisotropy term vanishes. He obtained a helicoidal
structure in which the angle 6 between the magnetic
moments of two adjacent ions is given by

cosf=—J1/4J],,
while the corresponding energy per ion is
E=S5%,+J25%/87,.

If we perturb this structure by introducing the ani-
sotropy term — K S,?, assumed small compared to the
exchange energy, as is generally the case,”? the follow-
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F1c. 1. Magnetic structures 4, and F, (basis vectors) of the
representation I'® of Pmma (Table III) leading to Pyum’m’2.
R associated with an element means that this element is multi-
plied by time reversal.

ing energy per ion is obtained:
E=S%],+J25%/8J,— 1K S (10)

Let us examine the possibility of appearance of struc-
ture 4,. We require that the energy corresponding to
structure 4, be lower than the energy of the helicoidal
structure,

S*(Jo—K)+[28v/ (B+7) a2
— 2aa] 2 < S To— 3K+ (J2/87) ].

Neglecting the terms [ 28v/(8+7) J#?, — 2axJ1.5?, which
will be shown to be small, we obtain

S (Jo—K) < SYJo—3K+ (J2/875) ],
or
K>—J2/4],= | J¥/4T: |;

using J1 and J; given in the following section, a K of
order of magnitude of 1075 eV is obtained. Anisotropy
energies of this order of magnitude, and even larger,
were found experimentally.??

We shall now make an estimate of the magnitude
of the displacements z;. The constants y and 6 are a
measure of the microscopic elasticity. If we assume
that the microscopic and macroscopic elasticities are
of the same order of magnitude we then have y~y/N,
where y is Young’s modulus and N is the number of
atoms per unit volume. We may take® y~v5X 10U
dyn/cm? and N~4X102 cm=3. A Curie temperature
of 100°K will lead to J;~10~% V. J; is smaller than J,
and we shall take it as 10~* eV. Finally using a= —10/3,
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found! for rare-earth iron garnets, one obtains
2X4X102X 107X 10 ~104
SX2X101"X3 o

and the displacement in the z direction decreases by

the factor (8—v)/(8+7v). As long as the magnitudes
of 8 and v are not close, x and z will be of the same
order of magnitude. Now, the “ionic” charge per cm?
for a compound with four cations per (8 A)% is

B 4
T (8X107%)3

Hence with displacement of 1075 of the cell dimension
we obtain the ferroelectric moment

P~10°X8X1072~10~% C/cm?,

which is measurable.’® Note, however, that in order to
observe the ferroelectricity, the crystals or powders'®
may have to be cooled in an electric field in order to
eliminate domain effects.

One can estimate the magnitude of the electric mo-
ment in somewhat different way. Let us write the free
energy F to the fourth order in the magnetization M
and to the second order in the polarization P, as
follows:

F(M, P) =aM>+1bM*+3cPM>+1dP'— EP, (11)

where E is an external electric field. Minimizing this
with respect to P and M one obtains

P=(ac/2b) (d—c*/2b)7'+ (d—c*/2b)"'E, (12)
2=—(c¢/b) P—a/b. (13)

That is, the spontaneous electric polarization (in the
absence of external field) is given by

|2| =3/1aS* (6747~

q 1.6X10-5~10° C/cm?.

P,= (ac/2b) (d—c?/2b)7, (14)
and the electric susceptibility by
Xe= (d—c*/2b)7L. (15)

Above the transition, the electric susceptibility is given
by
xo0=1/d. (16)

Hence, a discontinuous change in the electric suscep-
tibility is expected, given by
Axe _ Xe—Xe _ ¢%/2b
Xe0 Xe0 a— 62/26 ’
To a first approximation we may neglect the ferro-
electric effects in the derivation of the magnetization.
Hence one obtains

17)

M02= - d/b
Following Landau’s theory® we set
a(T)=a(T—T.),

where g is a constant and 7% is the Curie temperature.

(18)
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For T> T, the magnetic susceptibility x. is given by
xmn=M/H=1/a(T)=1/ay(T—T,).

Comparing this with the Curie-Weiss law, xn=
Cw/(T'—T.), one obtains ay=1/C,.
Hence,
a(0)=—T,/C,
and
Me=—a/b=T,/bC,.

Using this, one obtains the following expressions for
the spontaneous polarization and the discontinuous
change in the electric susceptibility:

Po=3Mc(1/xe0—EMPCy/2T.) 7, (19)
Axto/x0= (1/xe0—MCy) 2T.) " (2MC,/2T.).  (20)

Let us estimate these quantities, taking x,~~11 for a
crystal having an interatomic distance of 2X107® cm
and magnetic ions with magnetic moment of 1ug,

My>~0.4X10"¢ C/cm?
and®?
Cp=Ng®5(S+1) us?/3ks=0.05°K. (21)

Here N is the number of ions per cm?, g is the g factor
(=~2), S is the magnetic moment of the ion in Bohr
magneton (=1), and kg is the Boltzmann constant.

In order to estimate ¢ let us consider the magneto-
elastic term in the Hamiltonian written above,

J1oxS?= (J1o/ ea) xeaS?, (22)

where @ is the interatomic distance. The magnetoelastic
energy per unit volume is

(J1a/ea) xeaN S?= (J1a/eaN2ug?) (xealN) (S2%up?N?)

= (J1o/eaNuz?) PM2. (23)

Hence
Le=J1a/eaN?uz?,

taking as in the previous section
T~100°K,

one obtains

(24)

a~10/3, J==10"*eV,

¢=2X10° (C/cm?)~1,
Using these quantities, it is found that

P~10"% C/cm? and Ax./x.~107°.
Such a change in the electric susceptibility is too small
to be measured.

The temperature dependence near the transition tem-
perature T, of the electric polarization induced by the
antiferromagnetic transition, is expected to be differ-
ent from that in simple ferroelectrics. As shown in
Appendix D, the electric polarization behaves as the
square of the sublattice magnetization, while the sub-
lattice magnetization behaves nearly as the electric
polarization in simple ferroelectrics.
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APPENDIX A: EXAMPLE WHERE EQUIVALENT
SITES TURN NONEQUIVALENT

We shall consider an example where equivalent sites
turn nonequivalent upon a transition into a pure state.
Such a transition may lead to magnetic moments of
different magnitudes in sites which were equivalent in
the paramagnetic phase.

Consider a crystal having the space symmetry
Puma(Dy®) in which the magnetic ions occupy the
sites (4¢)®:

1 1 1
1. 3%, 3. 2—% 1, §+Z,

2. %3z, 4, 1+x 1, 31—

We assume that this crystal undergoes an antiferro-
magnetic transition which doubles the unit cell in the
« direction [k= (%, 0, 0)]. The corresponding irreduc-
ible representations are given in Table V. In reducing
the transformation matrices of the group in the product
space of atomic coordinates and spins, we find that
T'®@ appears four times and I'® twice. Let us define
four vectors:

F=(S:+5:+S:+S,),
G = (S1—So+S5—Sy),
A= (S,—S,—S;+8S,),
C=(8:1+85,—8;—8,),

where the indicies 1-4 correspond to the sites (4c) of
the chemical cell.

The basis vectors of the invariant subspaces of the
product space of atomic coordinates and spins in terms
of F, G, C, A are listed in Table VI. The structures
F,, C, and the corresponding symmetry elements are
given in Fig. 2. The magnetic groups according to which
the basis vectors of I'© and I'® transform are Pyn'm’2;
and Pomm2,, respectively, which are the groups
Pyym'n’2; and Paymn2, in the setting of Opechowski
and Guccione.”” This decrease in symmetry is sufficient
to break up the equivalence of the (4c) sites into
pairs 1, 3 and 2, 4 which make up the (2a) sites of
Pnm?2y.

APPENDIX B: NMR ABSORPTION IN
DOMAIN WALLS

In the case that the magnetic transition takes place
without the presence of external electric field, a multi-
domain crystal is obtained. In our example two neigh-
boring domains may have magnetic structures of F,
and A, type with opposite electric polarization. Bloch
walls will separate these domains. A possible structure
of such a wall is shown in Fig. 3. This structure is
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TaABLE V. The irreducible representations of Prnma with k= (3,0, 0).

1 Mz my

(23 21z 211; 2, 1
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=

consistent with our assumption of antiferromagnetic
interaction between second neighbors in the « direc-
tion. An alternating electric field in the z direction will
make the wall move back and forth, inducing alternat-
ing magnetic field on the nuclei populating the wall.
In the resonance frequency of these nuclei, one may
observe a strong absorption. On the other hand, if the
transition takes place in a constant electric field, a
single phase will emerge due to the electric interaction.
No absorption in the resonance frequency mentioned
above will occur in this case. These considerations are
merely qualitative, and the effect may be too small to
be observed.

APPENDIX C: MINIMIZATION OF HAMILTONIAN

In order to show that 4, is the equilibrium state of
the Hamiltonian, we first replace ¢, and r, by more
convenient parameters. Define

Xn for n=2k
Tn= (C1)
—x, for n=2k+1,

Yo for n=4k, 4k+3

Pn= (C2)
¢, for n=4k+41, 4k+2

éﬂ: zﬂ} (Cs)

Yn=Yn- (C4)

The Hamiltonian is given in this notation by
H=—J18?3 {[1—a(Zmp1t+F2n) ] c0s (Pont1—Pon)

n

—[14a(&2ns2tFont1) J cos(Ponse—Ponta) }
+J25? Z C05($n+2'—'lzn) —(KS$? Z COS2J»)

+3 22 [8(Fa+t2,) v (#n—22) *+-87,7].  (CS)

TaBLE VI. Basis vectors of the irreducible representations of
Pnma with k= (4, 0, 0) in the spin space of (4c).

ro p(ﬁ)
¥ F,G.C A, 4,C,
‘PZ _"ClAz_Fz Gz —Gng

Let us define the parameter u=#-a, where a is the
distance between two adjacent ions. We replace in the
Hamiltonian the summation by integration using the
following approximations:

Fonp1+ Ton = 28— aZ,
BonyotTanp1= 26+ aZ,
Yont1—Pon=— a;;,
Yonte—VPonp1= ax'z,
Pnia—Vn=2a{,
where
r=di/du, J=d}/du.

Using these approximations the Hamiltonian will have

Fz Ca
[ o4 o'
o Of+
- o%-
O- O-
) o
i !
| o I L L
If o 1 ° '
. l .
| N I S b Q1
® SPINUP
O SPIN DOWN

R *B Ro.4 . 4R
-~ ®

fi R

F1c. 2. Magnetic structures C, and F, (basis vectors) of the
representation '@ of Pnma (Table VI) leading to Peun'm’2;. R
associated with an element means that this element is multiplied
by time reversal.




2 MECHANISM LEADING TO FERROELECTRICITY ..

the form ;
H= 8 [ [J12a% cosaj+J, cos2ay— K cos®y Jdu
+3 [ [B(&—2)* vy (#4+2) 2467 Jdu.  (C6)
Using variational methods one finds that the structure
¥=0, &=—3a5%1(1/8+1/7),
2= (B8—7)/(B+7)%,

minimizes the Hamiltonian. The displacements of the
atoms from their equilibrium position will then be

%= (—)"3aSV1(1/8+1/7), (C7)
2= (B—7)/(B+7v) | #a | (C8)

APPENDIX D: RELATION BETWEEN
MAGNETIZATION AND ELECTRIC
POLARIZATION NEAR T,

We use the above example of a crystal having the
space group DuyS-Pmma with magnetic ions at sites
(2a) in order to show that the electric polarization
near the Néel temperature is proportional to the square
of the sublattice magnetization. Let us expand the free
energy of the crystal in powers of the magnetization
M and electric polarization P, up to order 4 in M and
order 2 in P.

All terms must be invariant under the operations of
the paramagnetic group. Examples of such terms which
correspond to I'® (Table III) are

(A+F2), (AF+F.4,),
Pzz, (Asz—FzAz)Pz,

§=0,

(A zz"‘Fzz) 2:
(A2—F2)P,.
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Fic. 3. Schematic magnetic and electric structures of Bloch
walls between domains of 4, and F, type.

That is, the thermodynamic potential will have the
form

F(M, P)=aM?*4bM*+cP*+dM?*P
and the minimum is obtained at
P=—(d/2c) M.

Hence, near the transition temperature the electric
polarization behaves as the square of the sublattice
magnetization. This magnetization behaves nearly as
in a simple antiferromagnetic transition, because the
magnetic interactions are dominant here. That is,*®

M~(T—T),  P~(T.—T)%,

where 8=1%.
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